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CORRIGENDUM TO “MAPS BETWEEN NON-COMMUTATIVE 
SPACES” [TRANS. AMER. MATH. SOC., 356(7) (2004) 2927 2944] 

S. PAUL SMITH 


Abstract. The statement of Lemma 3.1 in the published paper is not correct. 
Lemma 3.1 is needed for the proof of Theorem 3.2. Theorem 3.2 as originally 
stated is true but its “proof” is not correct. Here we change the statements 
and proofs of Lemma 3.1 and Theorem 3.2. We also prove a new result. 
Let k he & field, A a left and right noetherian N-graded fc-algebra such that 
dimfc(An) < cxD for all n, and J a graded two-sided ideal of A. If the non- 
commutative scheme Projyj^(A) is isomorphic to a projective scheme X, then 
there is a closed subscheme Z Q X such that Proj^c(A/J) is isomorphic to Z. 
This result is a geometric translation of what we actually prove: if the category 
QGr(A) is equivalent to Qcoh(X), then QGr(A/J) is equivalent to Qcoh(Z) for 
some closed subscheme Z C A. 


1. Replacements for O Lem. 3.1 and Thm. 3.2] 

Lemma 3.1 and its proof in should be replaced by Lemma 1 1.1 1 below. 

Lemma fl.ll is inspired by a result of P. Gabriel [1] Cor. 2, p. 368] which says 
that under suitable conditions, when the functor F in (ll-l|) is exact and F{S) C T, 
then there is a unique functor G : A/S B/T that makes commute. 

We assume that all our categories have small Horn sets. 

Lemma 1.1. Let A and B be Grothendieck categories with localizing subcategories 
S C A and T C B. Let tt : A ^ A/S and tt' : B —^ B/T be the guotient functors, 
and let oj and uj' be right adjoints to tt and tt' respectively. Consider the following 
diagram of functors: 

(1-1) A- - —^B 

IT 

A/S B/T. 

Suppose that F is right exact and F{S) C T. If LiItt'F), the first left derived 
functor of tt'F, exists, which it does when A has enough projectives, and vanishes 
on S, then 

(1) the natural transformation tt'F —>■ tt'Flott induced by the natural transfor¬ 
mation rj : idA ojtt is an isomorphism; 

(2) there is a unique functor G : A/S —B/T such that tt'F = Gtt; furthermore, 
G = tt'Fuj; 

(3) G is right exact; 

(4) if F commutes with direct sums so does G; 
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(5) if F has a right adjoint so does G: if F ^ H, then G H ttFIoj' . 

Proof. (1) Let a € A. Let L : A —>■ S be the functor that sends an object in A to 
the sum of its subobjects that belong to S. The exact sequence 

0 —y Fa — y a ujira — y {R^r)a —0 

is a “composition” of exact sequences 

0 —>■ Fa — a X —>• 0 and 

0 —y X ujTTa —(i?^F)a —?> 0 

in which fda = rja ■ Applying tt'F to these sequences gives exact sequences 

/ / \ I (tt'F) cx , 

TT T'(Fa)-^ TT Fa -^ tt Fx -^ 0 


and 

(Li(7r'F)) ((i?iF)a) - ^ tt'Fx - > Tr'FuJTra - ^ TT'F{{R^T)a) - ^ 0. 

Since tt'F andLi(7r'F) vanishonS, 7r'F(Fa) = (Li(7r'F)) ((i?^F)a) = 7r'F((i?^F)a) = 
0. Flence {n'F)a and {tt'F)P are isomorphisms. But {'k'F)P o (t:'F) a = {'K'F){j3 o 
a) = {TT'F)r]a, so {Tr'F)r]a is an isomorphism. 

(2) We will now show there is a unique functor G : A/S —?> B/T such that 
tt'F = Gtt. If tt'F were exact, the existence of a unique such G is proved by 
Gabriel [H Cor.2, p.368]. We can’t appeal to op. cit. because we only know that 
tt'F is right exact (and Li{tt'F) vanishes on S). Nevertheless, the proof at loc. cit. 
can be modified to establish the existence and uniqueness of G such that tt'F = Gtt. 
(Our notation differs from Gabriel’s. Our tt'F plays the role of his G and our G 
plays the role of his H.) 

Let m and n be objects in A. Let i : m' ^ m he a, subobject and p : n ^ n/n' 
a quotient object such that mim' and n' belong to S. The maps tp and Tp defined 
by (p{a) := pai and 'ip{/3) := tt'F(p) o fj o TT'F{i) fit into a commutative diagram 


(1-2) HomA (m,n) 


HomA(TO/ njn') 


Pf 


■ HomB/T(7r'Fm, tt'Fu) 


tt'F 


MoraQijirr'Fm', tt'F( n/n')). 


In order to show that ip is surjective, suppose that <5 e HomB/T(7r'FTO', tt'F{ n/n')). 
The rows in the following diagram are exact: 


0 = TT'F(n') -^ tt' F{n) - ^ tt' F{n/n') -^ 0 



0 = Li{tt' F){m') - TT'F{m') -^ Tr'Fpm) -^ tt' F{m/m') = 0. 

7r'F{i) 
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Because the arrows Ti'Fin) — 5 > tt'F{ n/n') and FFim') — >■ Tr'Firn) are isomorphisms 
there is a unique morphism /3 : n'F{m) —5> tt' F{n) such that 

7r'F(n)- ■n'F{n/n') 

P s 

Tr'F{m) ^- ■K'F{m'). 

(tt F)(i) 


In other words, '0(/3) = 5. Thus, '0 is surjective. The uniqueness of /3 implies that 
"0 is also injective, and therefore bijective. 

As m and n run over all objects in A, the maps 

ott'F : ,n/n') —5- HomB/T(7i^T'm,Tr'Fn), 

as m! and n' take all possible values, determine maps 

G : HomA/s('^^i = lin^ HomA(m,^ n/n^) —> ^ouY^/j{'K'Fm,'K'Fn) 

m\n' 

for all objects 7rm and tto in A/S. If we define G(7rm) = TT'F{m) for all objects 
TTm G A/S, then G becomes a functor A/S —>■ B/T. By definition, Gvr = n'F on 
objects in A. 

Suppose a : m —n is a morphism in A. Let m' = m and n' = 0. The maps i 
and p are the identity morphisms on m and n so the map tp in (Ha) is the identity; 
hence G7r(a) = F{a) = TT'F{a). The functors Gtt and tt'F are therefore 

equal. 

To prove the uniqueness of G, suppose that G' : A/S B/T is “another” functor 
such that G'tt = tt'F. If x is an object in A/S, then x = irm for some object m in 
A so G'(x) = G'7r(m) = 7rF{m) = Girpm) = G{x). If 0 is a morphism in A/S, then 
0 — 7r(a) for some morphism a in A so G'{9) = G'nipt) = FF{a) = GTr{a) = G{9). 
Hence G' = G. 

Finally, since Gtt = tt'F, f'Fuj = Gtto; = G. 

(3) By [2 Cor. 1, p.368], every short exact sequence in A/S is isomorphic to one 
of the form 

/ V Trfo;) '7T’(/3) 

(1-3) 0-s- TTO-s- nb -s- TTc-s- 0 


where 0-s- a —b -c-s- 0 is an exact sequence in A. Because tt'F 

is right exact. 


n'Fa- 


(FF)(a) 


'Fb- 


{Ff)P 


■ tt'Fc 


0 


is exact. There is a commutative diagram 


(FF)a (FF(P) 

TT Fa -^ TT Fb -^ TT Fc ■ 


■0 


<,FF)(r)a) 

' 

Tr'FujTTa ■ 


(7i-'F)(j7t) 


(tt' FuJ'k){cx) 


■ F'FujTTb ■ 


{tt' FuJTt) (yj5) 


G'F)(r]c) 

■ tt'Fojttc -^ 0 


G(7ra) 


G{ 7 Ta) 


■ Girrb) 


GGP) 


G{fc) -^ 0 
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in which, by (1), the upper-most vertical arrows provide an isomorphism from the 
top row to the middle row. The bottom row in the diagram is therefore exact. But 
the bottom row is obtained by applying G to da so G is, as claimed, right exact. 

(4) Let Xi, i G I, be a collection of objects in A/T. There are objects ai € A 
such that Xi = iriai) for all i. Thus 

=^7r'Fai. 

^ iel ^ i&I ^ ^ iel ' ^ iel ' iGl 

But tt'F = Gtt so 

n' Fui = Girai = Gxi. 
iGl iGl i&I 

Therefore G commutes with direct sums. 

(5) Suppose F -\ F[. Because F has a right adjoint it commutes with direct 

sums. By (4), G also commutes with direct sums. Since A is a Grothendieck 
category so is A/S. In particular, A/S is cocomplete, has a generator, and has 
small Horn sets. Thus, by the Special Adjoint Functor Theorem, the dual of [H 
Cor.V.8, p.130], G has a right adjoint, G' say. Since tt H w and G H G', Gtt H ujG'. 
But Gtt = tt'F so tt'F H wG'; but Floj' is also right adjoint to tt'F so ujG' = Hoj' 
whence G' = ttloG' = ttF[uj' . Thus, G H ttHlo', as claimed. □ 

Remark. With regard to Lemma 11.11 21. the hypothesis that Li{tt'F) vanishes 
on S is not only sufficient to prove there is a G such that Gtt = tt'F; it is also 
necessary. If there is a G such that Gtt = tt'F, then tt'F{S) = 0 because 7r(S) = 0 
and, because tt is exact, Li{tt'F) = Li{Gtt) = (LiG) ott which shows that Li{tt'F) 
vanishes on S. 

From now on k denotes an arbitrary field. 

In the next result A is a right and left noetherian N-graded fc-algebra such that 
dimfc(A„) < oo for all n and J is a graded ideal in A. 

We write Gr(A) for the category of graded right A-modules, Fdim(A) for the 
full subcategory of Gr(A) consisting of modules that are the sum of their finite¬ 
dimensional submodules, and QGr(A) for the quotient category Gr(A)/Fdim(A). 

The inclusion functor /* : Gr(A/J) —Gr(A) has a left adjoint /* and a right 
adjoint /'. 

Theorem 3.2 and its proof in [5] should be replaced by the following result. 

Theorem 1.2. Let J be a graded ideal in an ^-graded k-algehra A and consider 
the diagram 


Gr(A/J) > Gr(A) 



QGr(A/J) QGr(A) 


in which tt and tt' denote the quotient functors and to and lo' are their right adjoints. 
Define i* = tt' f*uj and f = tt' f'uj. Then 

(1) there is a unique functor : QGr(A/J) —> QGr(A) such that i^Tr' = tt/*; 
furthermore, A is exact; 

(2) A = TTf^uj'; 

(3) A is fully faithful; 
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(4) i* is left adjoint and r right adjoint to 

(5) the essential image of is closed under quotients and submodules. 

In the language of [5], Proj„g(A/J) is a closed subspace o/Proj„g(A) and the ho¬ 
momorphism A —^ A/J induces a closed immersion i : Proj„^(A/J) —>■ Proj„^(A). 

Proof. (1) This is due to P. Gabriel [TJ Cor. 2, p. 368] and [U Cor. 3, p. 369]. In 
particular, the diagram 

(1-4) Gr{A/J) > Gr(A) 

QGr(A/J) —^ QGr(A) 

commutes. 

(2) Let r]' : idGr(A/j) w'tt' and e' : tt'o;' —>■ idQGr(A/j) be the unit and count 

associated to the adjoint pair tt' H oj' . Since s' is an isomorphism, by [TJ Prop. 3(a), 
p. 371], the natural transformation —>■ it induces is also an isomorphism. 

But i* 7 r'w' = 7 r/*a;' so j* = 7 r/*w'. 

(3) We need two preliminary results before completing the proof of (3). 

(3a): If T G Fdim(A), then T 0a J € Fdim(Al). 

Proof : Since A is left noetherian, J = Axi -F • • • -F Axg for some homogeneous 
elements Xi G J. There is an integer d such that deg(a;i) < d for alH = 1, ..., s. 
Let t G T and x G Jm- There is an integer £ such that tA>t = 0. 

Let a G A>i^d-m- Then xa = aiXi -F ■ • • -F OgXs for some elements Oi G 
^deg(a:a)-deg(a;i) ^ A> 1 . Since tOi = • • • = tag =0, (t 0 x)a = tOi ® CCi -F ’ ' • “F tOs 0 
Xs = 0. We have shown that (t 0 x)A>i+d-m = 0. It follows that every element in 
T 0A J generates a finite dimensional module, i.e., T 0a J G Fdim(A). 0 
(3b): If M G Gr(Fl/J), then ujirf^M = f^uj'-n'M. 

Proof : Let M denote the image of M under the natural map M —>■ ujttM. By 
definition, ujttM is “the” largest essential extension 0 —M — ujttM T ^ 0 in 
Gr(A) such that T G Fdim(A). 

In the next diagram ip and (p are the multiplication maps. The top row in 
M0aJ —^ {ujttM) 0a J —^ T 0a J -!■ 0 

MJ - -—> {ujttM)J 

is exact. Since MJ = 0, there is a homomorphism 7 : T (g)^ J —>• (ujttM) J such 
that 7,5 = (p. Since (p is surjective so is 7 . 

Since T 0a J G Fdim(A) and 7 is surjective, (ujttM). J G Fdim(A) also. This 
implies that M fl (ujttM) J G Fdim(A). But the only submodule of ujttM that 
belongs to Fdim(y4) is the zero submodule, so Mr\(uJTTM)J = 0. But M is essential 
in ujttM so (ujttM) J = 0, i.e., ujttM G Gr(Fl/J). 

Thus, ujttM is “the” largest essential extension of M in Gr(A/J) such that 
(ujttM)/M is in Fdim(A/J). Hence ujttM and uj'tt'M are isomorphic as A/J- 
modules. More precisely, = f^:Uj'TT'M. This completes the proof. 0 

(3c): The functor i* is fully faithful. 
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Proof : Let a be a non-zero morphism in QGr(^/J). Then ’n'uj'ia) ^ 0. The 
image of a;'(a) is therefore not in Fdim(A). Hence the image of /*w'(a) is not in 
Fdim(H). It follows that 7 r/*a;'(a) ^ 0. But TTf^,uj' = i* so is faithful. 

To see that i* is full, let M.,N £ QGr{A/J) and suppose that a : > i^,A^ 

is a morphism. 

There are H/J-modules M and N such that Ad = n'M and Af = tt'N. Fix 
isomorphisms 9m ■ f^co'n'M —>■ W 7 r/*M and 9^ : f^^uj'ir'N —>■ 

Then tt{ 9]^) o aon{9 m)~^ is in HomQGr(A) By [TJ Lemme 1, 

p.370], Tr{9]sf)aTr{9M)~^ = "^{P) for some /3 € HomGr(A)(w 7 r/*M, wtt/^A^). There¬ 
fore a = tt{9Jj^P9m)- Since /* is full, the map 9Jj^P9m '■ f^uj'n'M f^Lo'iT'N is 
equal to /*( 7 ) for some 7 G HomGr(A/j)( w'tt'M,w'tt'TV). Hence a = Since 

tt/* = i*7r', a = i*7r'(7) which completes the proof that is full. 0 

(4) We separate the proof into two parts. 

(4a) In this part we show that i* := it' f*uj is left adjoint to I*. 

If iV is a finite dimensional graded right H-module, then {^/ J) is also finite 
dimensional. Since f*= — ®a i^/ J) it commutes with direct limits and therefore 
sends Fdim(7l) to Fdim(7l/J). Hence tt'/* vanishes on Fdim(A). 

We wish to apply Lemma fOI with F = /*, A = Gr(7l), and B = Gr(H/J). To see 
that F = f* satisfies the hypotheses of Lemma lLTl we first note that f* is right exact 
and sends Fdim(7l) to Fdim(A/J). The left derived functor f*) exists because 
Gr(7l) has enough projectives. We must show that Li{'k' f*) vanishes on Fdim(7l). 
Since tt' is exact, Li{7t' f*) = tt' o Lif* = tt' o Tor(^(— ,H/J) so it suffices to show 
that Tor(^(T, A/J) is in Fdim(A/J) whenever T G Fdim(A). But Torj^(T, A/J) is 
isomorphic to a submodule of T (g)A J which is, by (3a), in Fdim(A). 

By Lemma mr sl. there is a unique functor G : QGr(A) —>■ QGr(A/J) such that 
tt' f* = Gtt. Furthermore G = TT'f*uj. Since f* H /*, Lemma [l.Il 2i tells us that 
G H 7 r/*w', i.e., is right adjoint to i*. 

(4b) In this part we show that i' := tt'/'o; is right adjoint to f*. 

To do so we will apply Lemma II.II to the functor F = /* with A = Gr(A/J) 
and B = Gr(A). To see that F = /* satisfies the hypotheses of Lemma 11.11 we first 
note that /* is right exact, in fact exact, and sends Fdim(A/J) to Fdim(A). Hence 
tt/* is right exact, in fact exact, and vanishes on Fdim(A/J). Since tt/* is exact its 
left derived functor LiirrfG) certainly vanishes on Fdim(A/J). Lemma fLlI therefore 
applies. The functor G in part (2) of Lemma ITA] is i*. Since /* H /q Lemma ITAT 51 
tells us that G A tt'/'w, i.e., H tt' f'ui. 

(5) We will now show that u(QGr(A/J)) is closed under submodules and quo¬ 
tients in QGr(A). 

Let M G QGr(A/J) and suppose that 0 —> £ —>• i*A4 —> A/" —> 0 is an exact 
sequence in QGr(A). Let N denote the image and T the cokernel of the map 
a;(i*A4 —>■ A/”). Because ttuj = idQGr(A): the map 7ra;(i*A4 —>• Af) is an epimorphism. 
Hence ttT = 0; i.e., T G Fdim(A). 

Because tt is exact and T G Fdim(A), Af = ttN . Now A4 = tt'M for some M G 
Gr(A/J), so ujitfAi = wFtt'M = ujTTf^,M = Since J annihilates f^:Uj'TT'M 

it annihilates uJi^^AA^. But to is left exact so loC is isomorphic to a submodule of 
wFAA and is therefore annihilated by J. Hence ujC = /*F for some L G Gr(A/J). 
Thus, C = ttojC = 7r/*F = Ftt'F G F(QGr(A/J)). Since is a quotient of uji^:AA 
it is also annihilated by J; hence we can apply the argument we just used for L to 
N and deduce that N G i*(QGr(A/J)). 
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That completes the proof of (5) and hence the proof of the theorem (see [H 
p.2928] for the definition of a closed immersion). □ 

Remarks. (1) The three functors provide a “map” which we call i. 

Since is faithful and has a right adjoint, the map i is an affine map in the sense 
of Rosenberg [3l p.278]. 

(2) It is common in the above situation to define the “structure sheaves” of 

X = Proj„c(^) and Z = J) to be Ox '■= ttA and Oz '■= tt^A/J). The 

map i : Z ^ X then has the property that i*Ox = Oz- 

(3) Suppose that J C J' C A are graded 2-sided ideals. Let (/*,/*,/O, 
{g*,g*,g'), and {h*, h*, h'), be the adjoint triples associated to the homomorphisms 
A^ AjJ, A/ J A j J', and A^ Aj J', respectively. Consider the diagram 

Gr(A/J') > Gr(y4/J) > Gr{A) 


QGr{A/J') QGr{A/J) QGr(y4) 

J* 

where and j* are the unique functors such that = tt/* and j*7r" = irg,, and 
tt" is the quotient functor. Since h* = uj*7r" = tt/i* so is the unique 

functor fc* such that tt/i* = fc*7r". If we define k* = TY"h*uj, we can not conclude 
that k* = j*i*. However, since j*i* is left adjoint to = /c* we know that 
k*^j*i*. 

Theorem 1.3. Let J be a two-sided graded ideal in a connected graded k-algebra 
A. Let X be a noetherian scheme having an ample line bundle; for example, let X 
be a quasi-projective scheme over Spec(fc). If there is an equivalence of categories 
d) : QGr(A) Qcoh(X), then QGr(A/J) = Qcoh(Z) for some closed subscheme 
Z C X. More precisely, there is a commutative diagram 

QGr{A/J) -^ QGr(y4) 


Qcoh(Z)-^ Qcoh(X) 

in which the horizontal arrows are the natural inclusion functors and the dotted 
arrow is an equivalence between QGr{A/J) and the essential image of^i^,. 

Proof. By Theorem 11.21 Proj„g(H/J) is a closed subspace of Proj„g(H). By [U 
Thm. 4.1], the closed subspaces of X, or Qcoh(X), are the same things as closed 
subschemes of X in the classical sense. Hence there is a closed subscheme Z G X 
such that QGr(H/J) = Qcoh(Z'). □ 

Acknowledgement. I thank James Zhang for many conversations over many 
years about the ideas in this corrigendum, and Alex Chirvasitu for questions and 
conversations that inspired Theorem ll.31 I thank the referee for reading the previ¬ 
ous draft with care and for identifying some errors and suggesting improvements. 
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